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Abstract
We construct the covariant effective field theory of gravity as an expansion in inverse
powers of the Planck mass, identifying the leading and next–to–leading quantum corrections.
We determine the form of the effective action for the cases of pure gravity with cosmological
constant as well as gravity coupled to matter. By means of heat kernel methods we renormalize
and compute the leading quantum corrections to quadratic order in a curvature expansion.
The final effective action in our covariant formalism is generally non–local and can be readily
used to understand the phenomenology on different spacetimes. In particular, we point out
that on curved backgrounds the observable leading quantum gravitational effects are less
suppressed than on Minkowski spacetime.
1 Introduction
In recent years the fact that quantum gravity can be treated as an effective field theory (EFT)
has become an established fact [1, 2, 3, 4, 5]. The modern perspective is that even the stan-
dard model of particle physics, originally constructed under the guiding principle of perturbative
renormalizability, must be seen as an EFT [6, 7, 8, 9]. The same applies to QED, theory that
claims the best comparison between theory and experiment, together with many other success-
ful quantum field theories. Thus, in complete opposition to what has been thought for a long
time, gravity can be treated as a perturbative (effective) quantum field theory alongside with the
other fundamental forces. It is now also recognized that there is no fundamental inconsistency
between general relativity and quantum mechanics, at least at low energies: the EFT of gravity
is a perfectly well defined and predictive quantum theory of gravity. While the standard model
breaks down at a given UV scale, the EFT of gravity will break down at the Planck scale. Any
UV completion of gravity will have to reproduce the EFT predictions at sufficiently low ener-
gies. This is one reason why we should work out the EFT of gravity. On the other side, as the
example of QCD has shown clearly, even if we know the UV completion of a theory, so that all
physical questions are mathematically well posed, it can still be extremely difficult to work out
the low energy spectrum and the effective action. Thus even if we knew today the fundamental
description of gravity at the Planck scale, we will probably still need to resort to EFT techniques
to work out the accessible phenomenology.
To date, the EFT of gravity has been developed on a Minkowski background, using Feynman
diagram techniques [2, 10, 11, 12], or their modern versions [13, 14, 15, 16], and power counting
arguments [17]. The paramount result is the calculation of the leading quantum gravity cor-
rections to the Newtonian potential [1]. This is probably the most reliable result we have in
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quantum gravity so far, but these corrections are very small and a possible direct observation of
their effects is for the moment quite remote. This fact in turn explains why Einstein’s theory
of general relativity (GR) is so successful, and predicts that it will still be for a broad range of
energy scales. The smallness of the quantum effects is the result of the wide separation between
the scales where observations are made and the Planck scale. This has lead to state, somehow
paradoxically, that the EFT of gravity is the best perturbative quantum field theory we have
[4]. Recently, the quantum gravitational corrections to the bending of light by the sun have been
computed [18] and the first corrections to the black holes metrics are also known [19, 20].
It is probable that if we will ever observe quantum gravitational effects, these will be those
already contained in the EFT of gravity, despite our knowledge or ignorance about the underlying
fundamental theory. Since these EFT corrections are well defined, finite and computable with
available techniques, or with foreseeable development of thereof, it becomes extremely important
to fully determine them and to successively apply the resulting theory to any possible physical
situation wherein an enhancement of such quantum effects could take place. Cosmology is prob-
ably the best setting to look for such quantum imprints, but to be able to consistently analyze
the EFT corrections on a Friedmann–Robertson–Walker (FRW) background, one first needs to
compute the effective action on an arbitrary background and then look for consistent solutions
to the effective equations of motion (EOM). In order to perform this task, we need to develop a
covariant EFT of gravity. This is the primary purpose of this work, which focuses on the covariant
formalism, the effective action and its curvature expansion.
We will start by showing how the EFT of gravity can be constructed as a saddle point, or
a loop expansion in inverse powers of the UV scale, i.e. the Planck mass, within the covariant
formulation of quantum gravity based on the background field method formalism. We will then
identify the classical theory (CT), the leading order (LO) quantum corrections and also present
the form of the next–to–LO (NLO) corrections. We also outline some features of the next–to–
next–to–LO (NNLO) corrections in the case of gravity coupled to matter. As mentioned earlier,
it is probable that only the LO corrections will ever have a chance of being observed and so
we will particularly focus on them, expressing all the pertaining details. Unfortunately, in four
dimensions, it is not known how to completely compute the functional traces involved in the
LO corrections, so we will proceed by presenting the application of the heat kernel expansion,
both in its local and non–local forms, to their evaluation. At present, heat kernel methods
represent the state of the art techniques to tackle these kind of contributions. We will use the
local expansion to discuss carefully the UV divergencies and the related renormalization, which,
as in any EFT, is performed order by order at the cost of an input phenomenological parameter
for any divergent coupling. Then we will introduce the non–local expansion which can be used
to evaluate the LO contributions to second order in a curvature expansion. We will discuss both
the cases of a pure gravity EFT and its coupling to matter. In this paper we will restrict to LO
corrections for the latter case for simplicity and leave for a future study the evaluation of those
NLO and NNLO contributions leading to the covariant effective action that, when evaluated on
a Minkowski background, gives the corrections to Newton’s potential obtained by the flat space
methods discussed earlier. One particular reason behind our analysis being interesting is that
it allows us to make a rational organization of various quantum gravity results that have been
obtained over the years. For instance, in the EFT framework, UV divergencies can be turned into
a physical result describing how the phenomenological parameters depend on the reference scale.
Also the conformal anomaly is naturally included, as it induces the presence of a particular set of
finite terms in the LO effective action, but since these terms only start to appear at third order
in curvatures they will not be further discussed in this paper and are left to future analysis.
The paper is organized as follows: in section 2 we develop the covariant version of the EFT
of gravity for the case of pure gravity. In section 3 we include matter. We then discuss renormal-
ization and local finite terms in section 4 while in section 5 we describe the non–local finite terms
that can be inferred from the UV divergencies. In section 6 we expose the curvature expansion
to second order and obtain the final form for our LO effective action. Finally in section 7 we
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summarize our results and outline their implications. In the appendix we shortly review the local
and non–local heat kernel methods used in the computation of the LO effective action.
2 EFT of gravity
We don’t know the UV completion of gravity, but whatever degrees of freedom are associated
with it and whichever symmetry characterizes it, at energies much lower than the Planck scale,
the theory is broken to a vacuum invariant under diffeomorphisms. This vacuum is the back-
ground physical geometry, described by the metric gµν , and the remnant quantum fluctuations
are typically suppressed by inverse powers of the Planck scale and can be treated in an effective
manner. Thus we can construct an EFT of gravity by quantizing metric fluctuations hµν around
the background metric,
gµν → gµν + 1
M
hµν , (1)
where the scale M , defined by
M ≡ 1√
16piG
=
MPlanck√
16pi
, (2)
is related to the Planck mass MPlanck = 1/
√
G = 1.2 × 1019 GeV, the fundamental energy scale
of gravitational interactions. In this paper we will often refer to M directly as the Planck mass.
2.1 Bare action
From an EFT point of view many terms can be added to the Einstein–Hilbert action, the first
candidates being the curvature squared terms [21, 22]. The most general four dimensional local
action consistent with diffeomorphism invariance can be written as [2, 3]
Seff [g] =
∫
d4x
√
g
[
M4 c0︸︷︷︸
∂0
+M2 c1R︸︷︷︸
∂2
+ c2,1R
2 + c2,2Ric
2 + c2,3Riem
2 + c2,4R︸ ︷︷ ︸
∂4
+
1
M2
(
c3,1RR+ c3,2RµνRµν + c3,3R3 + ...
)
︸ ︷︷ ︸
∂6
]
+O
(
∂8
M4
)
, (3)
where we have emphasized the number of derivatives present in the various curvature invariants.
We have also defined the short hands Riem2 ≡ RµναβRµναβ and Ric2 ≡ RµνRµν . The first two
orders ∂0 and ∂2 correspond to a definite number of curvatures, explicitly R0 and R1. At O(∂4),
the two counts start to mix such that at a given order in the derivatives, we find different orders
in the curvatures, for instance, the first three terms are R2 terms while the last one is R1 term.
Later we will see that the local heat kernel expansion is an expansion in the derivatives, while
the non–local heat kernel expansion is an expansion in the curvatures.
Basically all dimensionfull couplings in the theory are written in Planck units where the pure
numbers ci are phenomenological bare parameters. These parameters can be interpreted as the
values of the dimensionless couplings at the Planck scale. Since their values are not known, we
will later eliminate them in favour of the renormalized couplings which have to be measured in
some experiment or observation at some characteristic scale much smaller than the Planck scale.
The constants entering the Einstein–Hilbert action are obviously
c0M
2 = 2Λ c1M
2 = − 1
16piG
, (4)
where Λ is the bare cosmological constant while G is the bare Newton’s constant. Since we are
performing an expansion in the Planck mass we have to normalize c1 ≡ −1. The coefficient c0
is somehow special from the EFT point of view since it comes to the left of the leading two
derivatives interaction and is indeed enhanced by a power of M2 rather than being suppressed
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by powers of 1/M2. This does not pose a problem as its renormalized value is either zero or
exceedingly small, as inferred from the present cosmological observations. Thus c0M
2  1 and
therefore, it can be considered as a mass term to the leading ∂2 interactions.
We will group all the terms of the same order in derivatives together and rewrite (3) as
Seff [g] = M
2
[
IEH [g] +
1
M2
I2[g] +
1
M4
I3[g] + ...
]
, (5)
where we have defined
IEH [g] ≡M2I0[g] + I1[g] , (6)
to denote the classical Einstein–Hilbert action. Note that now the action, apart the overall
M2 factor that we will use for the saddle point expansion, is written as a sum of terms of the
form ∂2(n+1)/M2n that makes explicit the energy/Planck mass expansion underlying the EFT
approach.
In d = 4, it is convenient, and physically meaningful, to rewrite the curvature square invariants
by introducing the Euler density E = Riem2 − 4Ric2 + R2 and the Weyl tensor, the square of
which is C2 = E+ 2Ric2− 23R2. The following relations allow us to switch between the Riemann
basis {Riem2,Ric2, R2} and the Weyl basis {C2, R2, E},
Riem2 = −E + 2C2 + 1
3
R2 Ric2 =
1
2
C2 − 1
2
E +
1
3
R2 . (7)
We can now rewrite I2 in the Weyl basis
I2[g] =
(
c2,1 +
1
3
c2,2 +
1
3
c2,3
)
R2 +
(
1
2
c2,2 + 2c2,3
)
C2 −
(
1
2
c2,2 + c2,3
)
E + c2,4R
≡ cR2R2 + cC2C2 + cEE + cRR . (8)
Using the conventions of higher derivative gravity, we find cR2 ≡ 1ξ , cC2 ≡ 12λ and cE ≡ −1ρ
[21]. Later on we will also use the Ricci basis {Ric2, R2, E}, where one uses the Euler density
to eliminate the Riemann tensor in favour of the Ricci tensor and Ricci scalar via Riem2 =
4Ric2 −R2 + E.
The six derivative term I3 is composed of all the operators appearing in Table 2. There are
ten different invariants, the first two of them are of second order in the curvatures but contain a 
operator that makes them of O(∂6). The remaining ones have three curvatures, in four dimensions
the last two are not independent, so there is only one invariant with three Riemann tensors, or
equivalently with three Weyl tensors. This is the Goroff–Sagnotti invariant that characterizes the
perturbative two loops UV divergencies of quantum gravity [23, 24, 25]. Note that, as we will
also discuss later, when one includes matter, the suppression factor of I3 in (5) has to be replaced
by 1
M4
→ 1
m2M2
, where m is the mass of the lightest particle that has been integrated out.
2.2 Effective action
The covariant construction of the EFT focuses on the effective action Γ[g], from which one then
obtains the effective or quantum EOM
δΓ[g]
δgµν
= 0 . (9)
The solution to this equation is the vacuum or background geometry, around which small quantum
fluctuations are quantized. It is also the condition satisfied by the on–shell metric. The virtue
of the covariant formalism is that it allows for solutions of (9) other than the flat Minkowski
metric, such as static spherically symmetric or homogeneous isotropic metrics. In other words, to
construct the EFT, we only assume that we are deep into the broken phase and the choice of the
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Figure 1: Diagrammatic representation of the effective action of low energy quantum gravity,
as in (13). While the dots of different colors are self-explanatory, the blue line indicates the
propagator with the Einstein–Hilbert term.
vacuum is not specified. It indeed emerges as a solution to (9) and the boundary conditions are
ultimately provided by experiments. The effective action Γ[g] is also the generating function of
one–particle–irreducible (1PI) vertices. These are computed by taking functional derivatives with
respect to the metric and/or matter fields and then going on–shell. As any scattering process or
correlation function can be decomposed in 1PI parts, the knowledge of the effective action allows
their determination on any background geometry.
As mentioned earlier, the basic underline assumption of EFT is that fluctuations are small
which are then quantized in the standard way around an arbitrary background and this procedure
is well under control even in the case of quantum gravity. What we lack is a theory of large
quantum spacetime fluctuations that are expected to be large starting from the scales of O(M)
which will allow transitions between different vacua of the theory. The best way to quantize
the theory keeping the background unspecified is the background field method, which has been
applied to gravity since the early times. We will work in Euclidean signature and explain later on
how to perform the continuation to Lorentzian signature. Within the background field method,
the effective action is then defined by the following functional integral
e−M
2Γ[g] =
∫
1PI
Dhµν e−Seff [g+ 1M h] , (10)
where (1) is implicitly used. In (10) the background gauge fixing and background ghost are
understood, i.e. they can be seen as part of the definitions of the gauge invariant measure Dhµν .
As usual, the integral is only over 1PI diagrams. More details on the background field method
in quantum gravity can be found in [26]. In this setup the EFT effective action for gravity
is computed via the saddle point, or loop expansion in the small parameter 1/M2. We then
substitute (5) into (10) to find
e−M
2Γ[g] =
∫
1PI
Dhµν e−M
2
{
IEH [g+
1
M
h]+ 1
M2
I2[g+
1
M
h]+···
}
. (11)
Expanding now the invariants in the exponential and then the exponential, all in powers of 1/M
gives a series of Gaussian integrals, with quadratic action
∫ √
g h ·I(2)EH [g] ·h. These are performed
with the aid of Wick’s theorem, leading to
Γ[g] = IEH [g] +
1
M2
I2[g] +
1
M4
I3[g] + · · ·
+
1
M2
1
2
Tr log
{
I
(2)
EH [g] +
1
M2
I
(2)
2 [g] +
1
M4
I
(2)
3 [g] + · · ·
}
+ · · · , (12)
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which can also be obtained by the standard loop expansion applied to the action Seff [g]/M
2. We
then expand the loops in 1/M2 and collect all terms of the same order to find
Γ[g] = IEH [g] CT
+ 1
M2
{
I2[g] +
1
2Tr log I
(2)
EH [g]
}
LO
+ 1
M4
{
I3[g] +
1
2Tr
[(
I
(2)
EH [g]
)−1
I
(2)
2 [g]
]
+ 2 loops with IEH [g]
}
NLO
+O
(
1
M6
)
NNLO
(13)
This is the final result for the covariant effective action within the EFT of gravity. It is a covariant
expression that can be used on all backgrounds which at classical level reproduces GR, while the
second line, the LO corrections, may contain all accessible quantum gravity phenomenology. The
evaluation of the LO corrections is the main goal of this paper. A diagrammatic representation of
this equation is given in Figure 1. Before we proceed, a few comments about our main expression
(13) are in order:
• It clearly shows why GR is so successful: the first quantum corrections are suppressed by
Planck mass 1/M2.
• The fact that the propagator is given by the inverse of the Hessian of Einstein–Hilbert
action guarantees unitarity.
• By construction, it is invariant under gauge transformations of the background field, the
numerical coefficients which multiply the generally covariant quantities contributing to it
will nevertheless be different in different gauges, only on–shell Γ[g], or the 1PI vertices
derived from it, will be fully gauge invariant1.
• In the background field approach, the meaning of going on–shell depends on the order
considered. At LO, the background metric is the solution of the classical Einstein EOM, at
NLO the background metric is the solution of the LO EOM, and so on order by order2.
• From this covariant expansion, one can immediately recover the standard rules of EFT
[6, 7, 28, 8]. One finds that the general Lagrangian of order E2 is to be used both at tree
level and in loop diagrams; the general Lagrangian of order En≥4 is to be used at tree level
and as an insertion in loop diagrams; the renormalization program is carried out order by
order.
Thus the expansion (13) represents the basis for a well defined, consistent and predictive frame-
work for low energy quantum gravity computations on an arbitrary background. It is applicable
when the relevant energy scales are much smaller than the Planck scale E  M , i.e. the scales
which we can probe, or hope to probe, directly or indirectly in the near future, and where possible
quantum gravitational phenomena may be hiding.
Finally, if we were to restore ~ in equation (13), there will be a factor of ~ for each loop.
For instance, the one loop diagrams in LO and NLO terms will be multiplied by ~, the two loop
diagrams in NLO will be multiplied by ~2. But since both I2 and I3 are renormalized, their
coefficients are also of order ~ and ~2, respectively. More precisely, the bare couplings are of
quantum origin since they encode the information about quantum gravity in the UV. From this
point of view, the LO corrections are of order
( ~
M2
)
while the NLO corrections are of order
( ~
M2
)2
and the EFT expansion is truly an expansion in inverse powers of the Planck mass rather than
in powers of Newton’s constant G3.
1In particular, also the on–shell metric can be gauge dependent. For a clear example of this see [27].
2This is not the case if dealing with a perturbative or loop expansion of the partition function Z, or equivalently
of the functional W = logZ, where on–shell always refers to the tree level or classical background.
3For higher loops, the bare couplings are expanded similarly in powers of ~
M2
.
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2.3 What we know
We can use equation (13) to reorganize many quantum gravity results by asking the question:
what do we already know about the LO and NLO corrections?
To start with, the local terms IEH , I2, ... encode the double information regarding the values
of the phenomenological constants and their renormalization. Since these terms are local, their
renormalized coefficients have to be measured by an experiment or observation, but the loops in
each of the lines of (13) are UV divergent, so we first need to renormalize the theory, by absorbing
these divergencies in the bare parameters. The freedom to choose the renormalization scale then
leads directly to the RG running of the couplings of these invariants. The renormalizations of the
operators in IEH and I2 steaming from the LO loops have been studied since the works of [29]
and lead to a first indication that quantum gravity was not perturbatively renomalizable. From
the EFT point of view, these are instead positive results, since they tell us how the gravitational
couplings corresponding to the lowest operators renormalize. In a later section we will study in
detail the renomalization of these operators.
The first finite part of the LO terms are what we can call the “leading logs”. They are
directly related to the UV divergencies of the I2 operators. These non–local corrections, of the
form R log −
µ2
R, are known since long [30, 31, 32, 33, 34, 35, 36, 37, 38, 39] and have been discussed
recently in the context of EFT in [40, 41]. But also leading non–analytical R2 logR terms may
be present [42, 43, 44, 45, 46]. We will review these terms and their derivation in section 5. A
curvature expansion of the LO corrections can be performed systematically by employing the
non–local heat kernel expansion, as pioneered in [30, 31, 47, 42, 32]. In section 6 we will evaluate
all curvature squared (R2) terms present in the LO corrections. In principle also the R3 terms
are computable using the results presented in [48, 49], but we will not discuss them here.
Some of the LO terms can be obtained by integrating the conformal anomaly, but other than
in two dimensions, this does not lead to the full knowledge of the effective action. The Reigert
action [50] captures these contributions, but in d = 4 there is always an ambiguity in defining
the conformal anomaly action and other options are available [51]. From the perspective of the
curvature expansion the anomaly induced terms start to be present at order R3 and higher, even
if matter is present [52]. In this paper we will focus on the R2 terms, so we will leave to a further
work their systematic incorporation in the EFT framework. The phenomenology of these terms
has been studied in great detail (for a review see [53, 54] and reference therein) but we stress here
that in general these terms are not the only ones in the effective action, since those not induced
by the conformal anomaly will also be present simultaneously.
The Minkowski space EFT of gravity gives us indirect information about (13). The results of
these computations are in principle obtainable from the vertices of the effective action evaluated
on flat space. If we know the effective action to order R4, by taking four functional derivatives
with respect to the metric and setting gµν = ηµν , we will be able to reproduce the four graviton
amplitude originally obtained in [13]. Conversely, one can imagine to covariantize these results
to infer the form of the LO R3 or R4 terms, as done for the R2 terms in [40].
All this was about the LO terms, what do we know about the NLO ones? Here the only
known result is the famous computation of the two loop divergencies induced by IEH [23, 24, 25]
that dictates the renormalization of the couplings in I3, while nothing is known about the finite
part of these NLO corrections.
2.4 Explicit form of LO corrections
Before introducing matter in the next section, we take a moment to discuss explicitly the trace–
log formula that characterizes the LO corrections in (13) for pure gravity, that from now on we
will call T2 ≡ 12Tr log I
(2)
EH [g]. The Hessian of the Einstein–Hilbert action is a differential operator
and for a proper choice of the gauge fixing it is of Laplace type. This has very interesting
consequences, as it allows the use of heat kernel techniques, both local and non–local. Although,
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at present, we do not have the mathematical technology to fully compute the trace–log on an
arbitrary background, exact results are available only on some specific spacetimes, like maximally
symmetric spaces [42].
Skipping the details of the computations, which can be found elsewhere (see for example [26]),
one finds
T2 =
1
2
Tr log(∆2 − 2Λ)− Tr log ∆gh , (14)
where the differential operator for the spin two part is
(∆2)
µν
αβ = −δµναβ +Wµναβ , (15)
where  = gµν∇µ∇ν is the covariant Laplacian, δµνρσ = 12
(
δµρ δνσ + δ
µ
σδνρ
)
is the symmetric spin two
tensor identity and where we have defined the tensor
Wαβρσ =
(
δαβρσ −
1
2
gαβgρσ
)
R+ gαβRρσ +R
αβgρσ
−1
2
(
δαρR
β
σ + δ
α
σR
β
ρ +R
α
ρ δ
β
σ +R
α
σδ
β
ρ
)
−
(
Rα βρ σ +R
α β
σ ρ
)
− d− 4
2(d− 2)
(
−Rgαβgρσ + 2gαβRρσ
)
. (16)
The effective “gravitational” mass is m2 ≡ −2Λ. When we add matter (in terms of a scalar
field φ) there will be an extra term proportional to the effective potential V (φ) evaluated at the
minimum v divided by M2, i.e. m2 = −2Λ +V (v)/M2. Here and in the following, in absence of
a cosmological constant and/or of an effective potential, we add an IR regularization mass µ2 as
in the case of massless fields. For the spin one ghosts we instead have the following differential
operator
(∆gh)
µ
ν = −δµν −Rµν . (17)
We remark here that these relations are valid within the de Donder (harmonic) background gauge
[26]. The commutators of covariant derivatives Ωµν ≡ [∇µ,∇ν ] are
(Ω(2)µν )
ρσ
αβ = −
1
2
(
δραR
σ
µν β + δ
σ
αR
ρ
µν β + δ
ρ
βR
σ
µν α + δ
σ
βR
ρ
µν α
)
(Ω(gh)µν )
β
α = R
β
µν α . (18)
The specification of the two differential operators (15) and (17) completely determines the form
of the finite part of the functional trace in (14) and thus the form of the LO quantum corrections
in the EFT of pure gravity. Unfortunately, as mentioned earlier, we don’t know how to exactly
compute these traces on an arbitrary background and one has to resort to approximations as
those provided by the heat kernel expansion.
3 EFT of gravity coupled to matter
In physical cases matter is always present and therefore the EFT must also include the relative
field fluctuations. This leads to, for example, the terms in the effective action responsible for the
quantum corrections to Newton’s potential.
3.1 Bare action
For simplicity and illustrative purpose we only consider the case of a real scalar. The most general
form of matter invariants with at most two derivatives can be written as
IS [φ, g] =
∫
d4x
√
g
[
1
2
Z(φ)gµν∂µφ∂νφ+ V (φ) + F (φ)R
]
, (19)
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where we impose V (0) = F (0) = 0. We can use a field redefinition to eliminate Z(φ) which is
set to unity in the following. The general form for the bare action when matter is present can be
written as
Seff [φ, g] = M
2
[
IEH [g] +
1
M2
IS [φ, g] +
1
M2
I2[g] +
1
M4
IS,4[φ, g] +
1
M4
I3[g] + ...
]
, (20)
where we have included the four derivative terms IS,4[φ, g] which will be generated by the loops.
3.2 Effective action
With respect to the pure gravity case, the evaluation of the effective action needs a couple of
steps more since we need to deal with the field multiplet traces. In particular, we need to expand
the multiplet trace in the trace–log formula in powers of the inverse Planck mass4
T =
1
2
Tr log
 IhhEH + 1M2 IhhS 1M I
hχ
S
1
M I
χh
S I
χχ
S

=
1
2
Tr log

 IhhEH + 1M2 IhhS 0
0 IχχS
+ 1M
 0 I
hχ
S
IχhS 0


≡ 1
2
Tr log
[
A+
1
M
B
]
,
using the expansion log
[
A+ 1MB
]
= logA+ 1M A
−1B− 1
2M2
(A−1B)2+O
(
1
M3
)
. From the relation
A−1B =
 1IhhEH+ 1M2 IhhS 0
0 1
IχχS

 0 I
hχ
S
IχhS 0
 =
 0 1IhhEH+ 1M2 IhhS I
hχ
S
1
IχχS
IχhS 0
 ,
we see that the linear term traces to zero, i.e. tr(A−1B) = 0, while the quadratic one gives
tr(A−1B)2 =
1
IhhEH +
1
M2
IhhS
IhχS
1
IχχS
IχhS +
1
IχχS
IχhS
1
IhhEH +
1
M2
IhhS
IhχS .
Thus, after the multiplet trace, the trace–log becomes
T =
1
2
Tr log
[
IhhEH +
1
M2
IhhS
]
+
1
2
Tr log IχχS
− 1
2M2
Tr
[
1
IhhEH +
1
M2
IhhS
IhχS
1
IχχS
IχhS
]
+O
(
1
M4
)
, (21)
where we used the fact that tr(A−1B)3 = 0. Upon expanding the remaining 1/M2 in the func-
tional traces we finally find the form of the effective action for a scalar–gravity EFT
Γ = IEH CT
+ 1
M2
{
I2 + IS +
1
2Tr log I
hh
EH +
1
2Tr log I
χχ
S
}
LO
+ 1
M4
{
I3 + IS,4 +
1
2Tr
1
IhhEH
IhhS − 12Tr 1IhhEH I
hχ
S
1
IχχS
IχhS + 2 loops with IEH
}
NLO
+O
(
1
M6
)
NNLO
(22)
4We are expanding as (gµν , φ)→ (gµν , φ) + 1M (hµν ,Mχ).
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LO
NLO
CT=Γ
+
1
2
+
1
M2
￿
+
￿
+
1
2
+ . . .
IEH
I2 IS
Figure 2: Diagrammatic representation of the low energy EFT expansion of the effective action
when matter, in the form of a real scalar field, is present.
Note that IS is “Planck suppressed”, as expected by the fact that in GR the energy–momentum
tensor of matter is multiplied by 1/M2 in Einstein’s equations. Thus classical matter appears
at the same order as the LO quantum corrections (apart from a factor of ~). A diagrammatic
representation of this equation is given in Figure 2.
The scalar–gravity NNLO terms, not shown in equation (22), will contain the second order
expansion in 1/M2 of the first trace–log in equation (21) and the first order term of the last trace
of the same equation together with the contribution from tr(A−1B)4. All these terms contribute
to the corrections of Newton’s potential along with the LO and NLO terms [1]. In fact, after
restoring ~, the corrections to Newton’s potential are of order ~/M2 and, when compared to the
LO corrections of order ~, are suppressed by an additional factor of 1/M2. Thus there exist
possible quantum gravitational effects which are less suppressed than the known corrections to
Newton’s potential, but these cannot be observed on Minkowski space and are indeed present
on a spacetime with non–zero curvature, as for example FRW or Schwarzschild. This peculiar
observation is one main reason that motivates the analysis of the LO corrections in equation (22)
and their possible physical implications.
3.3 What we know
As in the case of pure gravity, we can now summarize what is already known about equation
(22). UV divergencies have been computed for many matter gravity combinations [29, 55, 56, 57].
Although it was shown originally that, despite one loop gravity was finite on–shell, as soon as,
matter was introduced this was not the case anymore. As in the pure gravity case, these results
describe the RG flow of the relative couplings.
As said earlier, the computation of the corrections to Newton’s potential have been performed
on Minkowski space using Feynman diagrams techniques [1, 2, 10, 11, 12] and further verified by
modern methods [16]. These corrections can also be derived by the 1PI diagrams obtained by
the effective action (22) if all the relevant terms upto NNLO are considered. The polarization
diagrams involved are covariantly described by the leading logs introduced in the pure gravity
case, while the new non trivial part of the computation involves the matter–graviton vertex and
four matter vertex in the presence of gravitons. The part of the leading logs of the matter–
graviton vertex have now been computed on an arbitrary background [58]. The full computation
of all the relevant 1PI diagrams is left for future work.
3.4 Minimally and conformally coupled matter
Equation (22) shows that matter induced LO corrections are approximated by the trace–log
formula. When matter is evaluated in its vacuum configuration, it becomes as minimally coupled
and/or conformally coupled, that we consider in the following without loss of generality. The
bare action for a real scalar field, a Dirac spinor and an abelian gauge field is given by
Im[φ, ψ,Aµ, c¯, c, g] = I0[φ, g] + I 1
2
[ψ, g] + I1[Aµ, c¯, c, g] , (23)
10
where
I0[φ, g] =
∫
d4x
√
g
{
1
2
∂µφ∂
µφ+
χ
12
φ2R+
m2φ
2
φ2
}
I 1
2
[ψ, g] =
∫
d4x
√
g ψ¯( /∇+mψ)ψ
I1[Aµ, c¯, c, g] =
∫
d4x
√
g
{
1
4
FµνF
µν +
1
2α
(∂µA
µ)2 + ∂µc¯ ∂
µc
}
. (24)
Here χ is a parameter, only when χ = 1 the scalar action is conformal invariant (if the scalar
has conformal weight one). The Dirac operator is defined using the covariant Dirac matrices
γµ = eµaγa and the vierbein formalism. Note that on an arbitrary curved manifold the abelian
ghosts do not decouple and cannot be discarded. In what follows, we will choose the gauge α = 1.
The computation of the Hessian is straightforward and gives the following matter traces
T0 =
1
2
Tr log(∆0 +m
2
φ)
T 1
2
= −1
2
Tr log(∆ 1
2
+m2ψ)
T1 =
1
2
Tr log ∆1 − Tr log(−) , (25)
where the Laplacians are
∆0 = −+ χ
6
R ∆ 1
2
= −+ 1
4
R (∆1)
µ
ν = −δµν +Rµν . (26)
The commutators of the covariant derivatives Ωµν ≡ [∇µ,∇ν ] are
Ω(0)µν = 0 Ω
( 1
2
)
µν =
1
4
γαγβRαβµν (Ω
(1)
µν )
α
β = R
α
βµν . (27)
These last two relations are all we need to employ the heat kernel methods to compute the traces.
4 Local terms via heat kernel
We are now ready to start evaluating the LO corrections appearing in (13) or in (22). The task
amounts to evaluating the trace–log of the Einstein–Hilbert action (14), or of minimally coupled
matter (22). First we will compute the local part of the trace–log formula. This will lead us to
discuss the issue of renormalization and to review the well known UV divergencies of quantum
gravity. Here we will see this problem from the point of view of the EFT of gravity, dictating
how the gravitational couplings run.
In both the gravitational and the matter cases we need to compute the trace–log of the form
T =
1
2
Tr log(∆ +m2) , (28)
where ∆ = −1 + U is the Hessian of IEH , of the ghosts action, or of any of the matter parts
contained in Im. In the case of massless fields, we regularize IR divergencies by adding a mass
term m = µ. The trace in (28) can be expanded in powers of the curvature by employing the
local heat kernel expansion which we review in the appendix A. It is useful to rewrite the trace
(28) as
T = −1
2
∫ ∞
0
ds
s
K(s) e−sm
2
, (29)
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so that we can link it directly to the trace of the heat kernel K(s) = Tr e−s∆ of the Laplacian
operator ∆. We can now employ the local heat kernel expansion for a second order operator
K(s) =
1
(4pi)d/2
∞∑
n=0
sn−d/2B2n(∆) , (30)
where the B2n are the integrated heat kernel coefficients, the first few are known and we have
collected them in the appendix A. With the aid of this expansion, the trace can now be split
into a divergent and a (local) finite part T = Tdiv + Tfinite, the first will be discussed in the next
section, while the latter in section 4.3.
4.1 Regularization
When the expansion (30) is inserted into (29) we encounter UV divergencies at the lower extrema
of the integral. In four dimensions, the first three terms will be divergent, in particular they
will have quartic, quadratic and logarithmic divergencies. To regularize (29) we will employ for
comparison, both dimensional regularization and a cutoff regularization.
Dimensional regularization In this case, even if we are interested in four dimensions, we
keep d unspecified so that (29) is finite for non–integer dimensions. We find5
T = − 1
2(4pi)d/2
∞∑
n=0
B2n
∫ ∞
0
ds sn−d/2−1e−sm
2
= − 1
2(4pi)d/2
∞∑
n=0
md−2nΓ
(
n− d2
)
B2n . (31)
The Gamma function Γ(x) has poles when x = 0,−1,−2,−3, ... so we have UV divergencies for
n − d2 ≤ 0 for integer d. As we will see in a moment, these dimensional regularization poles in
x = 0,−1,−2, ... correspond to logarithmic, quadratic, quartic, ... divergencies in presence of a
cutoff. Finite terms start from n = d2 + 1. We now set d = 4−  in (31) and expand the Gamma
functions for small  to find the following UV divergent contributions
Tdiv = − 1
2(4pi)2
[
m4
(
1

+
3
4
− γ
2
)
B0 +m
2
(
−2

− 1 + γ
)
B2 +
(
2

− γ
)
B4
]
. (32)
In dimensional regularization quartic and quadratic divergencies vanish for a massless theory
m → 0 and only logarithm divergencies are left. For a massive theory we instead have all of
them. At this point it is not clear what happens to the B6, B8, ... terms in equation (31) in a
massless theory since the m→ 0 limit is (IR) divergent. To understand this limit one needs the
full non–local heat kernel that we will introduce in section 6. If we do not worry about this fact
and dropping the finite renormalization constant we find the classical result of ’tHooft for the
logarithmic divergencies of a four dimensional theory
Tdiv = −1

1
(4pi)2
B4 . (33)
A theory is perturbatively renomalizable at one loop if the operators present in B4 are also
present in the bare action. In the EFT framework this is instead not a requirement and eventual
divergencies will be renormalized by switching on the operators appearing in B4 not already
present in the bare action.
5We recall the basic integral
∫∞
0
ds st−1e−sm
2
= Γ(t)/m2t.
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Cutoff regularization We can instead apply a hard cutoff6 ΛUV to (29) and work directly in
d = 4
T = − 1
2(4pi)2
∞∑
n=0
B2n
∫ ∞
1/Λ2UV
ds sn−3e−sm
2
. (34)
Starting at n = 3 the integral is finite in the limit ΛUV →∞ and gives the same result as in the
dimensional regularization case (31). Upon using the following integrals∫ ∞
1/Λ2UV
ds
s3
e−sm
2
=
Λ4UV
2
− Λ2UVm2 +
m4
2
(
log
Λ2UV
m2
− γ + 3
2
)
+O
(
1
Λ2UV
)
∫ ∞
1/Λ2UV
ds
s2
e−sm
2
= Λ2UV −m2 −m2
(
log
Λ2UV
m2
− γ
)
+O
(
1
Λ2UV
)
∫ ∞
1/Λ2UV
ds
s
e−sm
2
= log
Λ2UV
m2
− γ +O
(
1
Λ2UV
)
, (35)
now gives the following UV divergent part
Tdiv = − 1
2(4pi)2
[(
Λ4UV
2
− Λ2UVm2 +
m4
2
log
Λ2UV
m2
+
m4
2
(
3
2
− γ
))
B0
+
(
Λ2UV −m2(1− γ)−m2 log
Λ2UV
m2
)
B2 +
(
log
Λ2UV
m2
− γ
)
B4
]
. (36)
Thus the heat kernel coefficients B0, B2 and B4 are the coefficients of quartic, quadratic and
logarithmic divergencies, respectively. Again, to renormalize the theory we need the bare action
to contain the invariants present in B0, B2, B4.
A comparison between the two regularization schemes shows that, to switch from cutoff to
dimensional regularization, one needs to replace log ΛUVm → 1 and set the other divergencies to
zero Λ4UV → 0 and Λ2UV → 0. Note that the finite renormalization constants are also the same
in both schemes. Clearly, the finite terms B6, B8, ... are also independent of the regularization
employed.
4.2 Renormalization
To renormalize the theory we absorb the UV divergencies into the bare couplings present in
the actions IEH , I2, ... defining the renormalized couplings. LO renormalizes CT and LO, while
NLO renormalizes NLO, LO and CT and so on. This will make the EFT finite at the cost
of introducing a measured value for each divergent coupling, but it will also tell us how the
renormalized couplings depend on the arbitrary renormalization scale.
In the appendix A we evaluate the heat kernel coefficients B4 for all operators under consid-
eration. Using (33) we find, for the gravitational trace, the following UV divergent part in the
Weyl basis
T2|div = −
1

1
(4pi)2
∫
d4x
√
g
[
7
20
C2 +
1
4
R2 +
149
180
E − 19
15
R
]
. (37)
In the Ricci basis the UV divergencies are instead
T2|div = −
1

1
(4pi)2
∫
d4x
√
g
[
7
10
RµνR
µν +
1
60
R2 +
53
45
E − 19
15
R
]
, (38)
which is the original result of [29, 59]. When using a cutoff regularization, or generally in the
presence of masses, we also need B0 and B2, which we compute in appendix A. The final result
6Note that the UV scale ΛUV can be equated to M , consistently with the fact that we used the Planck scale to
make the couplings dimensionless in the bare action, which indeed should be interpreted as the effective action at
scale M .
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0 12 1 2
γC2
1
120
1
20
1
10
7
20
γR2
(1−χ)2
72 0 0
1
4
γE − 1360 − 11360 − 31180 149180
γR − 130 − 130 110 −1915
Table 1: Renormalization constants for the four derivative operators in I2 in the Weyl basis.
for the divergent part (modulo finite renormalization terms) is
T2|div = −
1
2(4pi)2
∫
d4x
√
g
[
Λ4UV − 10Λ2UVm2 + 5m4 log
Λ2UV
m2
+
(
−23
3
Λ2UV +
13
3
m2 log
Λ2UV
m2
)
R
+
(
7
20
C2 +
1
4
R2 +
149
180
E − 19
15
R
)
log
Λ2UV
m2
]
, (39)
where m2 = −2Λ + V (v)/M2. Note that, both the graviton and the ghost contribute to the
terms present in the massless limit while the ghost does not contribute to the massive terms. We
also dropped the finite renormalization constants. As mentioned earlier, to switch to dimensional
regularization just replace log ΛUVm → 1 and set the other divergencies to zero. We remark that
these off shell coefficients are still gauge dependent [60, 61].
We can now proceed to the explicit renormalization of the IEH and I2 couplings. From (39),
the explicit renormalization of the I2 couplings, in the massless and dimensional regularization
case is
cRi = c
B
i −
1

γi
(4pi)2
, (40)
where the coefficients γi are reported in Table 1. This leads to the beta functions
7
µ∂µci(µ) =
γi
(4pi)2
, (41)
which can be integrated to give
ci(µ2) = ci(µ1) +
γi
(4pi)2
log
µ2
µ1
, (42)
which relates the renormalized couplings at different renormalization scales8. This scale depen-
dence of the phenomenological parameters is in principle an observable effect.
But also Λ and G need to be renormalized whatever scheme is employed. One finds from (39)
the following relations in the case of cutoff regularization
ΛR
GR
=
ΛB
GB
− 1
4pi
(
Λ4UV − 10Λ2UVm2 + 5m4 log
Λ2UV
m2
)
1
GR
=
1
GB
+
1
2pi
(
−23
3
Λ2UV +
13
3
m2 log
Λ2UV
m2
)
, (43)
7The one–loop beta function coefficient is minus the coefficient of 1

.
8It is clearly understood that the RG scale first used in equation (41) and the IR regulator introduced in the
previous sections to treat massless fields are different scales, even though we will use the same notation µ for both
in order to keep the notation as simple as possible.
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and in the case of dimensional regularization the following
ΛR
GR
=
ΛB
GB
− 1

5
2pi
m4
1
GR
=
1
GB
+
1

13
3pi
m2 . (44)
Matter contributions to these relations can be worked out easily using the relative heat kernel
coefficients computed in appendix A. The beta functions for Λ and G are then immediately
extracted as minus the coefficient of the poles
µ∂µ
(
Λ
G
)
=
5
2pi
m4 µ∂µ
(
1
G
)
= − 13
3pi
m2 . (45)
If we now insert m2 = −2Λ we find
µ∂µΛ =
4
3pi
Λ2G µ∂µG = − 26
3pi
ΛG2 , (46)
which are the beta functions of the cosmological and Newton’s constants within the EFT ap-
proach.
As a final topic we discuss on shell UV divergencies, the only ones that could possibly be
physical. For this we need to specify a classical background solution of Einstein’s equations.
For simplicity we consider the case where no matter is present, so that the EOM becomes just
Rµν = Λgµν . In dimensional regularization, the divergent part of the trace (39) then becomes
T2|div = −
1
(4pi)2
1

∫
d4x
√
g
[
− 58
5
Λ2 +
53
45
Riem2
]
, (47)
where we have used C2 = Riem2 − 83Λ2 to write it in the form as given in [62]. These on–shell
divergencies lead to the following beta function for the cosmological constant
µ∂µ
(
Λ
G
)
=
1
2pi
58
5
Λ2 , (48)
which under the assumption that Λ is constant [63] gives
µ∂µ(ΛG) = − 29
5pi
(ΛG)2 , (49)
so that the dimensionless coupling ΛG is asymptotically safe [64]. Integrating this equation gives
a relation similar to (42). However other backgrounds have to be considered case by case.
4.3 Local finite terms
The finite physical part of the effective action is independent of the regularization employed
Tfinite = − 1
2(4pi)d/2
∑
n= d
2
+1
1
m2n−d
B2n =
d=4
− 1
2(4pi)2
1
m2
B6 +O
(
1
m4
)
(50)
which is an expansion in inverse power of the mass. The local heat kernel coefficients are known,
for any kind of matter, to order B6 [42]. In particular, for a χ = 0 scalar field we find the following
finite part
Tfinite = − 1
2(4pi)2
1
m2
∫
d4x
√
g
[
1
336
RR+ 1
840
RµνRµν
+
1
1296
R3 − 1
1080
RRµνR
µν − 4
2835
RνµR
α
νR
µ
α
+
1
945
RµνRαβR
µανβ +
1
1080
RRµναβR
µναβ +
1
7560
RµνR
µαβγRναβγ
+
17
45360
R αβµν R
γδ
αβ R
µν
γδ −
1
1620
Rα βµ νR
µ ν
γ δR
γ δ
α β
]
+O
(
1
m4
)
. (51)
15
0 12
RR 1336
(
1− 2815χ+ 79χ2
) − 1560
RµνRµν 1840
1
168
R3 (1−χ)
3
1296
1
5184
RRµνR
µν − 1−χ1080 − 11080
RRµναβR
µναβ 1−χ
1080 − 78640
RµνRναR
α
µ − 42835 − 254536
RµνRαβR
µανβ 1
945 − 477560
RµνR
µαβγRναβγ
1
7560
19
7560
R αβµν R
γδ
αβ R
µν
γδ
17
45360
29
45360
Rα βµ νR
µ ν
γ δR
γ δ
α β − 11620 − 1648
Table 2: Six derivatives invariants present in I3 and their relative B6 heat kernel coefficients for
spin 0 and 12 fields.
The other massive matter cases can be worked out [42, 65] and are given in Table 2. As we noted
before, the last two terms with three Riemann tensors are not independent in four dimensions.
The inverse mass expansion in (50), when applicable9, changes how six, or higher derivative terms
are suppressed in the matter–gravity EFT 1
M2n
→ 1
m2M2n−2 [3].
General expressions for the B2n are unmanageable, but certain classes of invariants can be
re–summed as we will see in section 6. These expressions, when expanded in the massless limit,
give rise to leading logarithmic contributions to which we turn our attention to, in the following
section wherein we also discuss their RG improvements.
5 Leading logarithmic terms
Up to now we have examined the local contributions to the effective action coming from the local
expansion of the functional trace T . UV divergencies, being local, are the first of these terms,
while the other terms lead to finite local corrections when the action is expandable in inverse
powers of mass. When this is not possible, i.e. in the case of massless theories, the leading finite
corrections are non–local logarithmic terms in d = 4 [30, 31, 32, 33, 34, 35, 37]. Being second
order in the curvatures, we can write these terms as
Tfinite =
∫
d4x
√
g
[
αR2R log
−
µ2
R+ αC2 Cαβγδ log
−
µ2
Cαβγδ
]
+ ... (52)
Both αR2 and αC2 are calculable constants with the aid of the non–local heat kernel expansion,
as we will show in the next section. But there is indeed a clever and physically transparent trick
that allows the straightforward determination of these constants. For dimensional reasons we
have introduced the reference scale µ in (52), which indirectly carries the information about the
9Not applicable to gravity even if there is a cosmological constant since the ghosts are in any case massless.
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renormalization needed to define the effective action. Notice that the loop in the trace inevitably
leads to terms of the form log −
Λ2UV
, which is then separated by introducing the scale µ to obtain
the finite terms (52) and the divergent term −2 log ΛUVµ , or equivalently −21 in dimensional
regularization. Thus there is a direct link between the coefficients αi and the coefficients of the
one loop beta functions of the couplings of the R2 and C2 invariants. A comparison with (40)
then gives
αi =
γi
2(4pi)2
, (53)
and the coefficients of the logarithmic terms can be read off from Table 1 without any further
computation. In section 6 we will check this result with an explicit computation.
A comment on running couplings It is precisely the argument exposed in the previous
paragraph that explains why and when the RG running with respect to the unphysical parameter
µ, or equivalents, can instead be interpreted as a real, physical running with respect to changes
of a physical scale, as can be the momenta of a photon used to “look” at a proton. Take the case
of QED. Since the effective action contains a non–local term of the form (52),
ΓQED =
1
48pi2
∫
d4xFαβ log
−
µ2
Fαβ + ... , (54)
then a variation with respect to the physical scale q and the a priori unphysical RG scale µ are
related by
2q2∂q2 = −µ∂µ . (55)
For this reason the running coupling is straightforwardly well defined in QED or QCD where the
couplings are dimensionless. When couplings are dimensionfull, the effective action will still be
physically scale dependent, but one cannot rely on a simple relation like (55) to obtain it and a
more careful analysis is indeed needed.
RG improvement For dimensional reasons, further corrections10 to the leading logarithmic
terms in (52) can be parametrized as RhR2(−/µ2)R and equivalently for the Weyl term, where
the hi are functions of u = −/µ2. The logarithmic terms in (52) can be obtained by solving the
following equation,
u∂uhi(u) = αihi(u) , (56)
if we set hi(u) = 1 on the right hand side of it. The appearance of the factor hi(u) on the right
hand side of (56) represents instead an RG improvement which, through its solution gives rise to
the log–resummed form
hi(u) = u
αi − 1 = αi log u+ 1
2
(αi log u)
2 + ... . (57)
Using this the RG improved version of (52) is then
Tfinite =
∫
d4x
√
g
[
R
(−
µ2
)αR2
R+ Cαβγδ
(−
µ2
)αC2
Cαβγδ
]
+ ... (58)
where we note that 0 < αi  1, even in presence of large numbers of matter fields, and so
these corrections are genuinely non–local. Applications of this class of effective actions have been
discussed in [66].
10Not contained in the LO contribution T , but in the NLO, NNLO, ... contributions.
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Non–local vs non–analytical Up to now we discussed non–local terms, but there is also
the possibility that the argument of the logarithms is a scalar build out of curvatures, like R.
Discarding the Weyl term, we will then have a contribution of the form
Tfinite = αR2
∫
d4x
√
g R log
R
µ2
R+ ... (59)
where αR2 is again given by (53). This is a non–analytical contribution which can be found, for
example, upon evaluating T on the sphere S4, where the explicit knowledge of the spectrum of the
Laplacian allows for a direct computation of the trace–log formula [42]. The phenomenology of
these non–analytical terms is of the f(R) type and has been discussed extensively, see for example
[43, 44, 45, 46]. We here emphasise that such terms are present in the EFT of gravity with definite
coefficients. In particular, the RG improvement can be applied also in this non–analytical case
[44]. Before we close this section a final question to ask is: when is the action non–analytical
and when is it non–local? The answer might depend on the properties of the background, in
particular compact spaces usually give rise to non–analytical terms while non–compact spaces
usually generate non–local terms [67]. In any case, both terms can in principle be present in the
EFT effective action depending on the context, but probably not together.
6 Non–local terms via heat kernel
We can resum a subclass of terms in the series (50) for Tfinite by rearranging it and collecting all
terms with the same numbers of curvatures. This naturally leads to a curvature expansion of the
form
Tfinite = Tfinite|R2 + Tfinite|R3 +O(R4) (60)
where each term at a given order can be written in terms of the relative non–local heat kernel
structure functions, that we shall define in the following. For example, in equation (51) the first
term is of the form RR, a similar term for B8 will be of the form R2R, and therefore in
general in the coefficient B2n there will be a term of the form Rn−2R. The series so defined
can be resummed using the non–local heat kernel expansion and gives rise to a, generally non–
local, structure function of the variable /m2. Equivalently for the other R2 curvature invariant
RµνRµν and similarly for the other higher order curvature terms that start to appear from B8.
This summation approach allows us to obtain the complete form of Tfinite|R2 and Tfinite|R3 . The
complexity of the latter is very demanding and therefore, in what follows, we will only focus on
the curvature squared terms.
6.1 Curvature expansion to order R2
Using the non–local heat kernel expansion reported in the appendix A, we find that the finite
part of the curvature square terms in the LO effective action is given by
Tfinite|R2 = −
1
2(4pi)d/2
∫
ddx
√
g trR
(∫ ∞
1/Λ2UV
ds
s
s−d/2+2 [fi(−s)− fi(0)] e−sm2
)
R , (61)
where the fi for i = {Ric,R,RU,U,Ω} are the non–local heat kernel structure functions given in
equation (90). The subtraction fi(0) reflect exactly the renormalization of the curvature square
terms we performed in section 4 and makes the integrals in the above equation finite in the limit
ΛUV →∞. This allows us to define the finite R2 structure functions as
γi
(
X
m2
)
≡ lim
ΛUV→∞
∫ ∞
1/Λ2UV
ds
s
s−d/2+2 [fi(sX)− fi(0)] e−sm2 . (62)
The great advantage of using this formalism is that the heat kernel structure functions do not
depend on d and thus the relation (62) gives Tfinite|R2 in arbitrary dimensions.
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In d = 4 we find the following form
Tfinite|R2 = −
1
2(4pi)2
∫
d4x
√
g tr
[
1RµνγRic
(−
m2
)
Rµν + 1RγR
(−
m2
)
R
+RγRU
(−
m2
)
U + UγU
(−
m2
)
U + ΩµνγΩ
(−
m2
)
Ωµν
]
, (63)
where the four dimensional finite R2 structure functions are
γRic(u) =
1
40
+
1
12u
− 1
2
∫ 1
0
dξ
[
1
u
+ ξ(1− ξ)
]2
log [1 + u ξ(1− ξ)]
γR(u) = − 23
960
− 1
96u
+
1
32
∫ 1
0
dξ
{
−1 + 2
u2
+
4
u
[1 + ξ(1− ξ)]
+ 2ξ(2− ξ)(1− ξ2)
}
log [1 + u ξ(1− ξ)]
γRU (u) =
1
12
− 1
2
∫ 1
0
dξ
[
−1
2
+
1
u
+ ξ(1− ξ)
]
log [1 + u ξ(1− ξ)]
γU (u) = −1
2
∫ 1
0
dξ log [1 + u ξ(1− ξ)]
γΩ(u) =
1
12
− 1
2
∫ 1
0
dξ
[
1
u
+ ξ(1− ξ)
]
log [1 + u ξ(1− ξ)] , (64)
and u ≡ −/m2. We remark that these relations give us finite part of the effective action to order
R2 for every theory whose action’s Hessian is a Laplacian of the form ∆ = −1+U. From these
expressions for the structure functions one can understand the behavior of the effective action in
the two opposite limits, namely the decoupling limit u 1 and the massless limit u 1.
Local expansion In order to obtain the structure functions in the decoupling limit, we perform
a Taylor expansion of (64) around u = 0 to find
γRic(u) = − u
840
+
u2
15120
− u
3
166320
+O(u4)
γR(u) = − u
336
+
11u2
30240
− 19u
3
332640
+O(u4)
γRU (u) =
u
30
− u
2
280
+
u3
1890
+O(u4)
γU (u) = − u
12
+
u2
120
− u
3
840
+O(u4)
γΩ(u) = − u
120
+
u2
1680
− u
3
15120
+O(u4) . (65)
Note that the linear terms in u of γRic and γR correctly reproduce the first two terms of order
R2 in equation (51). Similarly, in the case of a scalar with arbitrary χ or a spinor, one can
consistently obtain the results of the first two lines of Table 2. The higher order terms in u will
lead to the coefficients of the corresponding operators in B8, B10 etc.
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Non–local expansion In the massless limit we can make a Taylor expansion of the structure
functions around u =∞ and obtain11
γRic(u) =
23
450
− 1
60
log u+
5
18u
− log u
6u
+
1
4u2
− log u
2u2
+O
(
1
u3
)
γR(u) =
1
1800
− 1
120
log u− 2
9u
+
log u
12u
+
1
8u2
+
log u
4u2
+O
(
1
u3
)
γRU (u) = − 5
18
+
1
6
log u+
1
u
− 1
2u2
− log u
u2
+O
(
1
u3
)
γU (u) = 1− 1
2
log u− 1
u
− log u
u
− 1
2u2
+
log u
u2
+O
(
1
u3
)
γΩ(u) =
2
9
− 1
12
log u+
1
2u
− log u
2u
− 3
4u2
− log u
2u2
+O
(
1
u3
)
. (66)
This is indeed the expansion which gives rise to non–local terms in the effective action. Note that
the scheme dependent constant terms can be removed by a finite renormalization and thus we
will drop them in the following. From (66) we see that in the strict massless limit, i.e. keeping
only the logarithms, the effective action becomes
Tfinite|R2 =
1
2(4pi)2
∫
d4x
√
g tr
[
1
60
Rµν log
−
µ2
Rµν +
1
120
R log
−
µ2
R
−1
6
R log
−
µ2
U +
1
2
U log
−
µ2
U +
1
12
Ωµν log
−
µ2
Ωµν
]
. (67)
It is evident from this action that these logarithms are indeed the ones predicted in section 5. To
be able to check equation (53) we first need to write (67) in the Weyl basis.
Weyl basis In d = 4 the shift to the Weyl basis is defined by
γC(u) =
1
2
γRic(u)
γRbis(u) =
1
3
γRic(u) + γR(u) , (68)
while the other structure functions remain unchanged. The shift between two basis is made using
the generalized Euler identity [42, 67], which also shows that the difference between the structure
functions in different basis is of order R3. In the Weyl basis the heat kernel structure functions
depend on d since both the definitions of the Weyl tensor and the Euler invariant contain it while
in the Ricci basis they do not. For this reason up to now we have been employing the Ricci basis.
The local and non–local expansions for γC and γRbis are
γC(u) = − u
1680
+
u2
30240
− u
3
332640
+O(u4)
γRbis(u) = − 17u
5040
+
u2
2592
− 59u
3
997920
+O(u4) (69)
and
γC(u) =
23
900
− 1
120
log u+
5
36u
− log u
12u
+
1
8u2
− log u
4u2
+O
(
1
u3
)
γRbis(u) =
19
1080
− 1
72
log u− 7
54u
+
log u
36u
+
5
24u2
+
log u
12u2
+O
(
1
u3
)
. (70)
11While the structure functions (64) are well defined also for negative values of u and thus of m2, the expansion
around u =∞ imposes the restriction m2 > 0 which we will implicitly assume every time we perform the massless
limit u→∞.
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In the Weyl basis, the effective action (67) in the massless limit therefore becomes
Tfinite|R2 =
1
2(4pi)2
∫
d4x
√
g tr
[
1
120
Cµναβ log
−
µ2
Cµναβ +
1
72
R log
−
µ2
R
−1
6
R log
−
µ2
U +
1
2
U log
−
µ2
U +
1
12
Ωµν log
−
µ2
Ωµν
]
. (71)
We can now explicitly check the validity of (53) and therefore of the arguments presented in
section 5.
6.2 Effective action in d = 2
It is useful to check our relations in a case where the explicit form of the LO effective action is
exactly known: the Polyakov action. In d = 2 we have Rµν =
1
2gµνR, or equivalently Cµναβ = 0,
and thus there is only one gravitational structure function
γR2d(u) =
1
2
γRic(u) + γR(u) . (72)
The curvature square part of the effective action then is
Γfinite|R2 = −
1
8pim2
∫
d2x
√
g RγR2d
(−
m2
)
R . (73)
For the case of a minimally coupled massive scalar, employing equation (62), we find
γR2d(u) =
1
12u
− 1
u2
+
2 tanh−1
√
u
u+4
u
√
u3(u+ 4)
, (74)
with the following expansions around u = 0 and u =∞
γR2d(u) =
1
60
− u
280
+
u2
1260
+O(u3)
γR2d(u) =
1
12u
− 1
2u2
+
log u
u3
+O
(
1
u4
)
. (75)
Similar expressions can be easily obtained for the fermions and gauge fields. Gravitons do not
propagate in d = 2, so there is no contribution from the Einstein–Hilbert action. In the massless
limit u→∞, the last equation gives γR2d(∞) = 112u and we correctly recover the Polyakov action
[68]
Γfinite|R2 = −
1
96pi
∫
d2x
√
g R
1
−R . (76)
Note that only in the massless limit, the R3 or the higher order terms vanish. On the other hand,
the massive version of the Polyakov action to order R2 is obtained by combining equation (73)
together with equation (74).
6.3 LO effective action to order R2
We can finally combine our findings for the local and non–local terms and write down the effective
action to LO in the Weyl basis as
Γ[g] =
1
16piG
∫
d4x
√
g (2Λ−R) + 1
2λ
∫
d4x
√
g C2 +
1
ξ
∫
d4x
√
g R2
+
∫
d4x
√
g Cµναβ G
(−
m2
)
Cµναβ +
∫
d4x
√
g RF
(−
m2
)
R+O(R3) . (77)
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Here G,Λ, ξ and λ are the renormalized couplings or phenomenological parameters, i.e. those
measured in experiments or observations. Thus the first line of (77) is the input to the EFT of
gravity while the second line instead represents the output, i.e. the universal prediction common
to all possible UV completions. Note that in (77) in order to write down the Einstein–Hilbert
part in the conventional form we have rescaled the effective action as Γ → 16piGΓ. The final
non–local structure functions G and F are, in the cases of scalars, fermions, abelian gauge fields,
given by
G0(u) = − 1
2(4pi)2
(
1
2
γRic(u)
)
F0(u) = − 1
2(4pi)2
(
1
3
γRic(u) + γR(u) +
χ
6
γRU (u) +
χ2
36
γU (u)
)
G 1
2
(u) = − 1
2(4pi)2
(
− 2γRic(u) + γΩ(u)
)
F 1
2
(u) = − 1
2(4pi)2
(
−4
3
γRic(u)− 4γR(u)− γRU (u)− 1
4
γU (u) +
1
6
γΩ(u)
)
G1(u) = − 1
2(4pi)2
(
γRic(u) +
1
2
γU (u)− 2γΩ(u)
)
F1(u) = − 1
2(4pi)2
(
2
3
γRic(u) + 2γR(u) + γRU (u) +
1
3
γU (u)− 1
3
γΩ(u)
)
, (78)
while in the case of gravity they are
G2(u) = − 1
2(4pi)2
(
5γRic(u) + 3γU (u)− 12γΩ(u)
−4γRic(u)− γU (u) + 4γΩ(u)
)
F2(u) = − 1
2(4pi)2
(
10
3
γRic(u) + 10γR(u) + 6γRU (u) + 4γU (u)− 2γΩ(u)
−8
3
γRic(u)− 8γR(u) + 2γRU (u)− 2
3
γU (u) +
2
3
γΩ(u)
)
, (79)
where the first line in this last equation is the graviton contribution with m2 = −2Λ + V (v)/M2
while the second line corresponds to the ghost contribution with m2 = µ2.
To make explicit the non–local terms contained in the effective action (77) we expand (78)
and (79) in the massless limit around u = ∞. For example in the case of a minimally coupled
scalar (χ = 0) we find
G0
(−
m2
)
=
1
(4pi)2
(
1
240
log
−
m2
− 5
72
m2
− +
1
24
m2
− log
−
m2
− 1
16
m4
2 + ...
)
F0
(−
m2
)
=
1
(4pi)2
(
1
144
log
−
m2
+
7
108
m2
− −
1
72
m2
− log
−
m2
− 15
144
m4
2 + ...
)
, (80)
while the coefficients for the other cases are reported in Table 3. Note that the conformal invariant
matter has vanishing leading logarithms in the Ricci scalar sector as expected. Moreover, the
parameter χ also drops out of the Weyl tensor sector. In the last grey shaded column of Table
3, only the leading logarithms receive contributions from both the graviton and the ghosts, while
the other terms, i.e. those which vanish in the massless limit, get only graviton contributions. It
is also understood that the mass in the leading logarithms can be, modulo finite renormalizations,
either −2Λ + V (v)/M2 or µ2. The mass in the other logarithms and in the overall mass terms
are to be interpreted as −2Λ + V (v)/M2. In Figure 3, we have plotted the structure functions G
and F of a scalar together with their small and large u approximations. From this example we
22
0 12 1 2
m2 m2φ = V
′′(v) m2ψ µ
2 −2Λ + V (v)/M2
C log−
m2
C 1240
1
40
1
20
7
40
C m
2
−C − 572 136 1118 13736
C m
2
− log
−
m2
C 124
1
12 −16 −1312
Cm
4
2 C − 116 58 −34 −358
R log−
m2
R (1−χ)
2
144 0 0
1
8
Rm
2
−R
14−18χ+3χ2
216
2
27 − 13108 427
Rm
2
− log
−
m2
R −1−χ272 − 136 118 4936
Rm
4
2 R −15−6χ−χ
2
144
1
6 0
17
24
Table 3: Non–local coefficients for the various spins. All numbers should be multiplied by 1
(4pi)2
.
clearly see that the knowledge of the two expansions allows us to determine the threshold value
of u which separates the decoupling from the massless limit, which is a priori not obvious. It also
guides us in determining the terms which are relevant in a given regime, especially when solving
the effective EOM.
The action (77) is derived in the Euclidean signature while in order to understand the imprints
in a physical context, we need to switch it to the Lorentzian signature. The final action is then
Γ[g] =
1
16piG
∫
d4x
√−g (R− 2Λ)− 1
2λ
∫
d4x
√−g C2 − 1
ξ
∫
d4x
√−g R2
−
∫
d4x
√−g Cµναβ G
(−
m2
)
Cµναβ −
∫
d4x
√−g RF
(−
m2
)
R+O(R3) , (81)
where evidently the operator  is constructed with the Lorentzian metric and more importantly,
the Green’s function 1− is to be interpreted as the retarded Green’s function to preserve causality
[30, 69]. To conclude, the action (81) is the effective action including the LO quantum gravita-
tional corrections upto the second order in the curvatures, we should do physics with and it can
be applied to any arbitrary background.
7 Discussion and Outlook
In this paper, we have developed the EFT of gravity in a completely covariant formalism as
a saddle point, or a loop expansion in the inverse powers of the Planck mass scale. We have
considered both the cases of pure gravity (with the cosmological constant) as well as gravity
coupled to matter. By doing so, we have identified the classical theory together with the LO and
NLO corrections and also outlined the structure of the NNLO terms in the effective action. We
particularly focussed our attention on the local and non–local correction terms at the LO which
were computed using the heat kernel methods. In this process, we also discussed some subtleties
associated with the regularization and renormalization of the effective action and finally computed
the finite part of the effective action expanded to the second order in the curvatures. We found
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Figure 3: Non–local structure functions (black) G and F for a conformal scalar together with
their small u (red) and large u (blue) approximations. The dashed lines represent the leading
contributions while the solid lines indicate the contributions of the first four terms in each case.
Note that the small u expansion is much less sensitive to subleading corrections than the large u
counterpart.
that the LO local terms in our finite effective action, consist of the R2 and C2 operators with
their coefficients being phenomenological parameters fixed by observations while in the non–local
sector, the various terms, to the second order in the curvatures, appear with their respective
structure functions which are completely determined by the covariant EFT of gravity.
We would like to stress that since the final effective action in our EFT of gravity has been
computed in a complete covariant manner, it can be readily used on an arbitrary background and
therefore, can be employed to understand different phenomenology. In particular, we have shown
that there exist LO quantum gravitational effects which are less suppressed than the well known
corrections to Newton’s potential but these effects are only present on a spacetime with non–zero
curvature and cannot be observed on Minkowski spacetime. Indeed, the quantum corrections to
Newton’s potential are of order ~/M2 and, when compared to the LO quantum corrections of
order ~, are suppressed by an additional factor of 1/M2. This fact is one main reason to study
and understand in depth the physical implications of the LO corrections and is also the primary
reason behind developing the covariant EFT of gravity.
Our formalism allows us to consider the inclusion of the cosmological constant in the frame-
work of the EFT of gravity as Minkowski spacetime is not a solution to the Einstein EOM in the
presence of a cosmological constant and our ability of quantize gravity in an arbitrary background
comes as a rescue to this. We emphasize that this is indeed an important step since observations
indicate the presence of a non–zero cosmological constant and, even in the absence of matter, its
presence induces all the non–local terms in the effective action which, in principle, could have a
physically observable effect.
The non–local terms that we have shown to appear in the effective action have coefficients
which are completely determined by the EFT of gravity and thus, they are indeed a distinct
prediction of our formalism. Some of these non–local terms have been recently considered in the
literature as consistent non–local modifications of GR and have been studied in the cosmological
context as for example candidates of dark energy in order to explain the current acceleration of
the universe [36, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 41], in the context of black hole solutions
[80, 81, 82] and also in the Newtonian limit [83, 84]. Non–local modifications of GR appear also
in the context of super–renormalizable theories [85, 86]. So far, these terms have been studied
on their own together with the Einstein–Hilbert action but we have clearly shown that all such
non–local terms appear together in the EFT of gravity and therefore, should all be included in
order to construct a viable scenario of the universe. Furthermore, we have also understood that
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non–local terms are present in the massless limit, where the effective mass is much smaller than
the energy scale of the process. On the contrary, in the decoupling limit, only local terms are
present in the effective action.
To gauge the magnitude of LO corrections in a curved background, we will specialize the
effective action to the FRW spacetime, derive the effective Friedmann EOM and study the corre-
sponding solutions, in a follow up paper [87]. In future, we also plan to study black hole solutions
for the effective action of the EFT of gravity and successively understand the role of conformal
anomalies that are not considered in this paper as we restrict our analysis to curvature squared
terms. We also intend to derive the covariant form of the effective action corresponding to the
matter–gravity EFT, in order to obtain the known corrections to Newton’s potential.
To conclude, the EFT formalism is a consistent approach which is able to access the low
energy phenomenology of quantum gravity but it does not solve any of the fundamental problems
associated with it, as it breaks down before the Planck scale. In any case, a UV completion of
gravity capable of resolving these issues will lead to the same low energy phenomenology as the
EFT and it may very well be, that the first quantum gravity imprints that we will ever observe
are already described by the EFT formalism.
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A Heat kernel methods
When working on an arbitrary background one needs a covariant way to compute the loop di-
agrams. A powerful set of techniques to perform this task is based on the heat kernel and its
expansion [69, 42, 88]. When dealing with one loop diagrams, as those entering the LO correc-
tions, one has to evaluate only the heat kernel trace, fact that facilitates computations. The heat
kernel Kxy(s) for a Laplace type differential operator ∆ = −1 + U is defined by
(∂s + ∆x)Kxy(s) = 0 Kxy(0) = δxy . (82)
Formally we can write the solution as Kxy(s) = e
−s∆xδxy and define its trace as K(s) = Tr e−s∆.
One can thus write the trace–log as a parametric integral in s over the heat kernel trace directly
converting any expansion of the heat kernel in an expansion for the one loop diagram.
Unfortunately, no exact expressions for the heat kernel or its trace are known on an arbitrary
background and so we have to resort to asymptotic expansions, which in any case are very useful.
There are two possible expansions for the heat kernel, both of them have been used in this paper:
the local expansion, which is an expansion in the derivatives and the non–local expansion, which
is an expansion in the (generalized) curvatures, which we review in the following.
A.1 Local heat kernel expansion
The local expansion of the heat kernel trace is
K(s) =
1
(4pi)d/2
∞∑
n=0
sn−d/2B2n(∆) , (83)
where the integrated heat kernel coefficients B2n(∆) are related to the unintegrated coefficients
b2n(∆) by
B2n(∆) =
∫
ddx tr b2n(∆) . (84)
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tr 1 tr U tr U2 tr ΩµνΩ
µν
∆0 1
χ
6R
χ2
36R
2 0
∆ 1
2
4 R 14R
2 −12Riem2
∆1 4 R Ric
2 −Riem2
∆2 10 6R 5R
2 − 6 Ric2 + 3 Riem2 −6 Riem2
∆gh 4 −R Ric2 −Riem2
Table 4: Relevant traces needed for the computation of the heat kernel coefficients B0, B2 and
B4 in d = 4. These traces also offer the expressions needed to evaluate the non–local heat kernel
trace KR2(s).
The most useful fact about the unintegrated heat kernel coefficients is that they do not depend
on the number of dimensions. The first three unintegrated coefficients are
b0(∆) = 1
b2(∆) = 1
R
6
−U
b4(∆) =
1
2
U2 − 1
6
RU +
1
6
U + 1
12
ΩµνΩ
µν
+ 1
(
1
180
R2µναβ −
1
180
R2µν +
1
72
R2 − 1
30
R
)
, (85)
where Ωµν ≡ [∇µ,∇ν ]. The next, b6(∆) starts already to be quite cumbersome [42, 88]; for a
recent computation see [65]. The coefficient b8(∆) is known only in special cases.
Using the traces reported in Table 4 we can evaluate explicitly the heat kernel coefficients (85)
in d = 4 for the various Laplacians considered in the paper. By means of the following relations
linking the different basis,
1
180
Riem2 − 1
180
Ric2 +
1
72
R2 =
1
60
Ric2 +
1
120
R2 +
1
180
E =
1
120
C2 +
1
72
R2 − 1
360
E , (86)
we can write an expression for B4(∆) as
B4(∆) =
∫
d4x
√
g
(
γC2 C
2 + γR2 R
2 + γE E + γRR
)
, (87)
where the gamma coefficients are reported in Table 1. Obviously, for photons and gravitons the
combinations B4(∆1) − 2B4(−) and B4(∆2) − 2B4(∆gh) have been considered, while for the
fermions a minus sign has been added. The heat kernel coefficients B0(∆) and B2(∆) are easily
obtained from Table 4.
A.2 Non–local heat kernel expansion
In order to calculate the finite non–local parts of the effective action we need a more sophisti-
cated version of the heat kernel expansion which resums an infinite number of local heat kernel
coefficients. This expansion has been developed in [30, 31, 47, 48, 42] and retains the infinite
number of heat kernel coefficients in the form of non–local structure functions. Keeping terms
up to second order in the (generalized) curvatures, the non–local heat kernel expansion is
K(s) = KR0(s) +KR(s) +KR2(s) +O(R3) (88)
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where KR0(s) and KR(s) are just the n = 0, 1 terms of the local expansion (83), while
KR2(s) =
s2
(4pis)d/2
∫
ddx
√
g tr
{
1RµνfRic(−s)Rµν + 1RfR(−s)R
+RfRU (−s)U + UfU (−s)U + ΩµνfΩ(−s)Ωµν
}
. (89)
The non–local heat kernel structure functions entering this expression are12
fRic(x) =
1
6x
+
1
x2
[f(x)− 1]
fR(x) =
1
32
f(x) +
1
8x
f(x)− 7
48x
− 1
8x2
[f(x)− 1]
fRU (x) = −1
4
f(x)− 1
2x
[f(x)− 1]
fU (x) =
1
2
f(x)
fΩ(x) = − 1
2x
[f(x)− 1] , (90)
where the basic non–local heat kernel structure function f(x) appearing in these relations is
defined in terms of the following parametric integral
f(x) =
∫ 1
0
dξ e−xξ(1−ξ) . (91)
A simple derivation of the structure functions (90) using Feynman diagrams has been given in [67].
The Ricci basis non–local heat kernel structure functions (90) are independent of the number of
spacetime dimensions, as are the local heat kernel coefficients of which they are the resummation.
They can be used to compute all one loop bubble diagrams in any dimension for any theory
in which the Hessian is a Laplace type operator, and probably represent the most efficient way
to perform such computations. If we Taylor expand the non–local structure functions (90) and
insert them in (89), they will reproduce the local heat kernel coefficients of the invariants with
two curvatures, modulo total derivatives [31, 67].
References
[1] J. F. Donoghue, Leading quantum correction to the Newtonian potential, Phys. Rev. Lett.
72 (1994) 2996–2999, [gr-qc/9310024].
[2] J. F. Donoghue, General relativity as an effective field theory: The leading quantum
corrections, Phys.Rev. D50 (1994) 3874–3888, [gr-qc/9405057].
[3] C. Burgess, Quantum gravity in everyday life: General relativity as an effective field theory,
Living Rev.Rel. 7 (2004) 5–56, [gr-qc/0311082].
[4] J. F. Donoghue, The effective field theory treatment of quantum gravity, AIP Conf. Proc.
1483 (2012) 73–94, [arXiv:1209.3511].
[5] J. F. Donoghue and B. R. Holstein, Low Energy Theorems of Quantum Gravity from
Effective Field Theory, J. Phys. G42 (2015), no. 10 103102, [arXiv:1506.00946].
[6] J. Donoghue, E. Golowich, and B. R. Holstein, Dynamics of the standard model,
Camb.Monogr.Part.Phys.Nucl.Phys.Cosmol. 2 (1992) 1–540.
12We note that the authors in [31] use a slightly different basis where U = −P + R
6
.
27
[7] A. Pich, Effective field theory: Course, in Probing the standard model of particle
interactions. Proceedings, Summer School in Theoretical Physics, NATO Advanced Study
Institute, 68th session, Les Houches, France, July 28-September 5, 1997. Pt. 1, 2,
pp. 949–1049, 1998. hep-ph/9806303.
[8] C. Burgess, Introduction to Effective Field Theory, Ann.Rev.Nucl.Part.Sci. 57 (2007)
329–362, [hep-th/0701053].
[9] S. Weinberg, Effective Field Theory, Past and Future, PoS CD09 (2009) 001,
[arXiv:0908.1964].
[10] A. A. Akhundov, S. Bellucci, and A. Shiekh, Gravitational interaction to one loop in
effective quantum gravity, Phys. Lett. B395 (1997) 16–23, [gr-qc/9611018].
[11] I. B. Khriplovich and G. G. Kirilin, Quantum power correction to the Newton law, J. Exp.
Theor. Phys. 95 (2002) 981–986, [gr-qc/0207118]. [Zh. Eksp. Teor. Fiz.95,1139(2002)].
[12] N. Bjerrum-Bohr, J. F. Donoghue, and B. R. Holstein, Quantum gravitational corrections
to the nonrelativistic scattering potential of two masses, Phys.Rev. D67 (2003) 084033,
[hep-th/0211072].
[13] D. C. Dunbar and P. S. Norridge, Calculation of graviton scattering amplitudes using string
based methods, Nucl. Phys. B433 (1995) 181–208, [hep-th/9408014].
[14] D. C. Dunbar and P. S. Norridge, Infinities within graviton scattering amplitudes, Class.
Quant. Grav. 14 (1997) 351–365, [hep-th/9512084].
[15] Z. Bern, Perturbative quantum gravity and its relation to gauge theory, Living Rev. Rel. 5
(2002) 5, [gr-qc/0206071].
[16] N. Bjerrum-Bohr, J. F. Donoghue, and P. Vanhove, On-shell Techniques and Universal
Results in Quantum Gravity, JHEP 1402 (2014) 111, [arXiv:1309.0804].
[17] J. F. Donoghue and T. Torma, On the power counting of loop diagrams in general
relativity, Phys. Rev. D54 (1996) 4963–4972, [hep-th/9602121].
[18] N. Bjerrum-Bohr, J. F. Donoghue, B. R. Holstein, L. Plant, and P. Vanhove, Bending of
Light in Quantum Gravity, Phys.Rev.Lett. 114 (2015), no. 6 061301, [arXiv:1410.7590].
[19] N. E. J. Bjerrum-Bohr, J. F. Donoghue, and B. R. Holstein, Quantum corrections to the
Schwarzschild and Kerr metrics, Phys. Rev. D68 (2003) 084005, [hep-th/0211071].
[Erratum: Phys. Rev.D71,069904(2005)].
[20] G. G. Kirilin, Quantum corrections to the Schwarzschild metric and reparametrization
transformations, Phys. Rev. D75 (2007) 108501, [gr-qc/0601020].
[21] K. S. Stelle, Classical Gravity with Higher Derivatives, Gen. Rel. Grav. 9 (1978) 353–371.
[22] J. Z. Simon, Higher Derivative Lagrangians, Nonlocality, Problems and Solutions, Phys.
Rev. D41 (1990) 3720.
[23] M. H. Goroff and A. Sagnotti, Quantum gravity at two loops, Phys. Lett. B160 (1985) 81.
[24] M. H. Goroff and A. Sagnotti, The Ultraviolet Behavior of Einstein Gravity, Nucl. Phys.
B266 (1986) 709.
[25] A. E. M. van de Ven, Two loop quantum gravity, Nucl. Phys. B378 (1992) 309–366.
28
[26] A. Codello, R. Percacci, and C. Rahmede, Investigating the Ultraviolet Properties of
Gravity with a Wilsonian Renormalization Group Equation, Annals Phys. 324 (2009)
414–469, [arXiv:0805.2909].
[27] D. A. R. Dalvit and F. D. Mazzitelli, Geodesics, gravitons and the gauge fixing problem,
Phys. Rev. D56 (1997) 7779–7787, [hep-th/9708102].
[28] I. Z. Rothstein, TASI lectures on effective field theories, hep-ph/0308266.
[29] G. ’t Hooft and M. Veltman, One loop divergencies in the theory of gravitation, Annales
Poincare Phys.Theor. A20 (1974) 69–94.
[30] A. Barvinsky and G. Vilkovisky, Beyond the Schwinger-Dewitt Technique: Converting
Loops Into Trees and In-In Currents, Nucl.Phys. B282 (1987) 163–188.
[31] A. Barvinsky and G. Vilkovisky, Covariant perturbation theory. 2: Second order in the
curvature. General algorithms, Nucl.Phys. B333 (1990) 471–511.
[32] D. A. R. Dalvit and F. D. Mazzitelli, Running coupling constants, Newtonian potential and
nonlocalities in the effective action, Phys. Rev. D50 (1994) 1001–1009, [gr-qc/9402003].
[33] E. Elizalde and S. D. Odintsov, A Renormalization group improved nonlocal gravitational
effective Lagrangian, Mod. Phys. Lett. A10 (1995) 1821–1828, [gr-qc/9508041].
[34] E. V. Gorbar and I. L. Shapiro, Renormalization group and decoupling in curved space,
JHEP 02 (2003) 021, [hep-ph/0210388].
[35] E. V. Gorbar and I. L. Shapiro, Renormalization group and decoupling in curved space. 2.
The Standard model and beyond, JHEP 06 (2003) 004, [hep-ph/0303124].
[36] D. Espriu, T. Multamaki, and E. C. Vagenas, Cosmological significance of one-loop
effective gravity, Phys. Lett. B628 (2005) 197–205, [gr-qc/0503033].
[37] A. Satz, A. Codello, and F. Mazzitelli, Low energy Quantum Gravity from the Effective
Average Action, Phys.Rev. D82 (2010) 084011, [arXiv:1006.3808].
[38] A. Codello, Large N Quantum Gravity, New J. Phys. 14 (2012) 015009, [arXiv:1108.1908].
[39] X. Calmet, D. Croon, and C. Fritz, Non-locality in Quantum Field Theory due to General
Relativity, Eur. Phys. J. C75 (2015), no. 12 605, [arXiv:1505.04517].
[40] J. F. Donoghue and B. K. El-Menoufi, Nonlocal quantum effects in cosmology: Quantum
memory, nonlocal FLRW equations, and singularity avoidance, Phys.Rev. D89 (2014),
no. 10 104062, [arXiv:1402.3252].
[41] M. Maggiore, Dark energy and dimensional transmutation in R2 gravity,
arXiv:1506.06217.
[42] I. Avramidi, Heat kernel and quantum gravity, Lect.Notes Phys. M64 (2000) 1–149.
[43] H. Alavirad and J. M. Weller, Modified gravity with logarithmic curvature corrections and
the structure of relativistic stars, Phys.Rev. D88 (2013), no. 12 124034, [arXiv:1307.7977].
[44] A. Codello, J. Joergensen, F. Sannino, and O. Svendsen, Marginally Deformed Starobinsky
Gravity, JHEP 1502 (2015) 050, [arXiv:1404.3558].
[45] I. Ben-Dayan, S. Jing, M. Torabian, A. Westphal, and L. Zarate, R2 logR quantum
corrections and the inflationary observables, JCAP 1409 (2014) 005, [arXiv:1404.7349].
29
[46] M. Rinaldi, G. Cognola, L. Vanzo, and S. Zerbini, Inflation in scale-invariant theories of
gravity, Phys.Rev. D91 (2015), no. 12 123527, [arXiv:1410.0631].
[47] A. Barvinsky and G. Vilkovisky, Covariant perturbation theory. 3: Spectral representations
of the third order form-factors, Nucl.Phys. B333 (1990) 512–524.
[48] A. Barvinsky, Y. Gusev, V. Zhytnikov, and G. Vilkovisky, Covariant perturbation theory. 4.
Third order in the curvature, arXiv:0911.1168.
[49] A. Barvinsky, Y. Gusev, G. Vilkovisky, and V. Zhytnikov, The Basis of nonlocal curvature
invariants in quantum gravity theory. (Third order.), J.Math.Phys. 35 (1994) 3525–3542,
[gr-qc/9404061].
[50] R. J. Riegert, A Nonlocal Action for the Trace Anomaly, Phys. Lett. B134 (1984) 56–60.
[51] A. O. Barvinsky, A. G. Mirzabekian, and V. V. Zhytnikov, Conformal decomposition of the
effective action and covariant curvature expansion, in Quantum gravity. Proceedings, 6th
Seminar, Moscow, Russia, June 12-19, 1995, 1995. gr-qc/9510037.
[52] J. F. Donoghue and B. K. El-Menoufi, QED trace anomaly, non-local Lagrangians and
quantum Equivalence Principle violations, JHEP 1505 (2015) 118, [arXiv:1503.06099].
[53] I. L. Shapiro, Effective Action of Vacuum: Semiclassical Approach, Class. Quant. Grav. 25
(2008) 103001, [arXiv:0801.0216].
[54] E. Mottola, New Horizons in Gravity: The Trace Anomaly, Dark Energy and Condensate
Stars, Acta Phys.Polon. B41 (2010) 2031–2162, [arXiv:1008.5006].
[55] S. Deser and P. van Nieuwenhuizen, One Loop Divergences of Quantized Einstein-Maxwell
Fields, Phys. Rev. D10 (1974) 401.
[56] S. Deser and P. van Nieuwenhuizen, Nonrenormalizability of the Quantized Dirac-Einstein
System, Phys. Rev. D10 (1974) 411.
[57] S. Deser and P. van Nieuwenhuizen, Nonrenormalizability of the Quantized
Einstein-Maxwell System, Phys. Rev. Lett. 32 (1974) 245–247.
[58] A. Codello, R. Percacci, L. Rachwal, and A. Tonero, Computing the Effective Action with
the Functional Renormalization Group, Eur. Phys. J. C76 (2016), no. 4 226,
[arXiv:1505.03119].
[59] S. W. Hawking, Zeta Function Regularization of Path Integrals in Curved Space-Time,
Commun. Math. Phys. 55 (1977) 133.
[60] R. E. Kallosh, O. V. Tarasov, and I. V. Tyutin, One loop finiteness of quantum gravity off
mass shell, Nucl. Phys. B137 (1978) 145–163.
[61] D. M. Capper and J. J. Dulwich, On the One Loop Finiteness of Quantum Gravity Off
Mass Shell, Nucl. Phys. B221 (1983) 349.
[62] S. M. Christensen and M. J. Duff, Quantizing Gravity with a Cosmological Constant, Nucl.
Phys. B170 (1980) 480.
[63] K. Groh, K. Krasnov, and C. F. Steinwachs, Pure connection gravity at one loop: Instanton
background, JHEP 1307 (2013) 187, [arXiv:1304.6946].
[64] E. S. Fradkin and A. A. Tseytlin, Renormalizable Asymptotically Free Quantum Theory of
Gravity, Phys. Lett. B104 (1981) 377–381.
30
[65] K. Groh, F. Saueressig, and O. Zanusso, Off-diagonal heat-kernel expansion and its
application to fields with differential constraints, arXiv:1112.4856.
[66] D. Lopez Nacir and F. D. Mazzitelli, Running of Newton’s constant and non integer powers
of the d’Alembertian, Phys. Rev. D75 (2007) 024003, [hep-th/0610031].
[67] A. Codello and O. Zanusso, On the non-local heat kernel expansion, J.Math.Phys. 54
(2013) 013513, [arXiv:1203.2034].
[68] A. M. Polyakov, Quantum Geometry of Bosonic Strings, Phys.Lett. B103 (1981) 207–210.
[69] G. Vilkovisky, Heat kernel: Rencontre entre physiciens et mathematiciens, .
[70] S. Deser and R. P. Woodard, Nonlocal Cosmology, Phys. Rev. Lett. 99 (2007) 111301,
[arXiv:0706.2151].
[71] T. Koivisto, Dynamics of Nonlocal Cosmology, Phys. Rev. D77 (2008) 123513,
[arXiv:0803.3399].
[72] T. Biswas, T. Koivisto, and A. Mazumdar, Towards a resolution of the cosmological
singularity in non-local higher derivative theories of gravity, JCAP 1011 (2010) 008,
[arXiv:1005.0590].
[73] S. Nojiri, S. D. Odintsov, M. Sasaki, and Y.-l. Zhang, Screening of cosmological constant in
non-local gravity, Phys. Lett. B696 (2011) 278–282, [arXiv:1010.5375].
[74] A. O. Barvinsky, Dark energy and dark matter from nonlocal ghost-free gravity theory,
Phys. Lett. B710 (2012) 12–16, [arXiv:1107.1463].
[75] A. O. Barvinsky, Serendipitous discoveries in nonlocal gravity theory, Phys. Rev. D85
(2012) 104018, [arXiv:1112.4340].
[76] S. N. Solodukhin, Positive cosmological constant, non-local gravity and horizon entropy,
Nucl. Phys. B861 (2012) 321–336, [arXiv:1203.2961].
[77] M. Maggiore, Phantom dark energy from nonlocal infrared modifications of general
relativity, Phys.Rev. D89 (2014), no. 4 043008, [arXiv:1307.3898].
[78] P. G. Ferreira and A. L. Maroto, A few cosmological implications of tensor nonlocalities,
Phys.Rev. D88 (2013), no. 12 123502, [arXiv:1310.1238].
[79] M. Maggiore and M. Mancarella, Nonlocal gravity and dark energy, Phys. Rev. D90 (2014),
no. 2 023005, [arXiv:1402.0448].
[80] K. A. Bronnikov and E. Elizalde, Spherical systems in models of nonlocally corrected
gravity, Phys. Rev. D81 (2010) 044032, [arXiv:0910.3929].
[81] A. Kehagias and M. Maggiore, Spherically symmetric static solutions in a nonlocal infrared
modification of General Relativity, JHEP 1408 (2014) 029, [arXiv:1401.8289].
[82] Y. Dirian and E. Mitsou, Stability analysis and future singularity of the m2R∇−2R model
of non-local gravity, JCAP 1410 (2014), no. 10 065, [arXiv:1408.5058].
[83] T. S. Koivisto, Newtonian limit of nonlocal cosmology, Phys. Rev. D78 (2008) 123505,
[arXiv:0807.3778].
[84] A. Conroy, T. Koivisto, A. Mazumdar, and A. Teimouri, Generalized quadratic curvature,
non-local infrared modifications of gravity and Newtonian potentials, Class.Quant.Grav. 32
(2015), no. 1 015024, [arXiv:1406.4998].
31
[85] L. Modesto, Super-renormalizable Quantum Gravity, Phys. Rev. D86 (2012) 044005,
[arXiv:1107.2403].
[86] L. Modesto and L. Rachwal, Super-renormalizable and finite gravitational theories, Nucl.
Phys. B889 (2014) 228–248, [arXiv:1407.8036].
[87] A. Codello and R. K. Jain, Covariant Effective Field Theory of Gravity II: Cosmological
Implications, arXiv:1507.07829.
[88] D. Vassilevich, Heat kernel expansion: User’s manual, Phys.Rept. 388 (2003) 279–360,
[hep-th/0306138].
32
